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Integer Exponents and the Quotient Rule

S
BJECTIVES .

Use 0 as an exponent, -
Use negative numbers
as exponents. '

Use the quotient rule
forexponents..: . -

Use combinations -
" of rules.

e i ieke er

In Section 5.1 we studied the product rule for exponents. In all our earlier work, ex-

ponents were positive integers. Now we want to develop meaning for exponents that
are not positive integers,

Consider the following list of exponential expressions,

2 =16
2 =38
22 =4

Do you see the pattern in the values? Each time we reduce the exponent by 1, the

value is divided by 2 (the base). Using this pattern, we can continue the list to smaller
and smaller integer exponents.

21=2
20=1
1
2"1=E
1
2_2=I
1
2_3="8—

From the preceding list, it appears that we should define 2° as 1 and negative ex-
ponents as reciprocals.

. ‘OBJECTIVE 1 Use 0 as an exponent. We want the definitions of O and negative ex-

ponents to satisfy the rules for exponents from Section 5.1. For example, if 6° = 1,
6°-62=1-62=6 and 6°- 6° = 6" =g

so the product rule is satisfied. Check that the power rules are also valid for a 0 ex-
ponent. Thus, we define a 0 exponent as follows.
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CAUTION Notice the difference between parts (b) and (c) of Example 1. .
In (—60)°, the base is —60 and the exponent is 0. Any nonzero base raised to
the 0 exponent is 1. But in —60°, the base is 60, Then 60° = 1, and

=60 = —1.

3JECTIVE 2 Use. negatlve numbers as exponents. From the liss at the beginning of

this section, since 272 = - and 27% = %, we can deduce that 27" should equal % Is
the product rule valid in such cases? For example, if we multiply 6 * by 6%, we get
672 62 6 242 __ 60 =1. -

The expression 67> behaves as 1f it were the reciprocal of 6 belcause their product is
1. The reciprocal of 6* is also 5 62, leading us to define 672 as ;. This is a partlcular
case of the definition of negative exponents.

By definition, @ ™" and a” are reciprocals, since
1

no,
' i 1

a

Since 1" = 1, the definition of ¢ ™" can also be written

. 1 11‘! 1 "
a = —" = —" == _— .
a a a
For example,
1y 1\? )
63 ={— d — ] =3
| 5 an 3

EXAMPLE 2 Using Negativé Exponents
Simplify by writing each expression with positive exponents.

-1

1
-3 =
9 ®) 5 5125

% and 2 are reciprocals.

Notice that we can change the base to its reciprocal if we also change the s1gn of
the exponent.

2\ 5Y 2 .5 . 4\ _ 3 ’
((_!) —5- =7 % and 5 are reciprocals. (e) 3 =13
| 1 1 1 2 1
-1 — -1 _—_—— — = —— — —— == ——
@ 4 2 4 2 4 4 4

We apply the exponents first, then subtract.
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1
@MW%E (p#0)

(h) - (=0

174 =1

Power rule (c)

1 .
¥ and x are reciprocals.

CAUTION A negative exponent does not indicate a negative number;
negative exponents lead to reciprocals.

Expression . Example
1 1
a " 3?2== == Not negative
29 9

1 |

_3*2 2
T S

Negative

The definition of negative exponents allows us to move factors across a fraction
bar if we also change the signs of the exponents. For example,

E,

EXAMPLE 3 Changing from Negative to Positive Exponents

Write with only positive exponents. Assume all variables represent nonzero real
numbers,




e T

324 cuarTER 5 Exponents and Polynomials

z 5 125 m> !
, @ ==35 o T (b)F=p_5=£5
a b bd®
© 375 =3,
Notice that b in the numerator and 3 in the denominator were not affected.
3., —4 3 -4 v\ 2y
@yt =2 =2 @ =) ={2) ==
1 y 2y x X B

G Ewere

CAUTION Be careful. We cannot change negative exponents to positive
exponents using this rule if the exponents occur in a sum of terms. For example,
' 57 +37!
To27
cannot be written with positive exponents using the rule given here. We would

have to use the definition of a negative exponent to rewrite this expression with
positive exponents, as '

1,1
52 3
2
Ty

'OBJECTIVE 3" Use the quotient rule for exponents. How should we handle the quo-
tient of two exponential expressions with the same base? We know that
6_6-6'6-6-6_
6° 6-6-6
Notice that the difference between the exponents, 5 — 3 = 2, is the exponent in the
quotient. Also,

6°.

e._066 _1_
& 6666 6

Here, 2 — 4 = —2. These examples suggest the quotient rule for exponents.

672
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3

5 .
CAUTION A common error is to write i 1*7* = 1%, Notice that by the

quotient rule, the quotient should have the same base, 5. That is,

5%
5 = 584 =354
If you are not sure, use the definition of an exponent to write out the factors:
%—=5.5.5.5.-5.-5-5-5 and 5*=5-5-5-5.

Then it is clear that the quotient is 5°.

1 EXAMPLE 4 Using the Quotient Rule
Simplify, using the quotient rule for exponents. Write answers with positive
exponents.

5° £ 1
@5=5"°=5 or 25 =

-3
(€) % = 530" =5 or 625

5
) % = V=g (g#0)

3% 3 X _ x?
(e)ﬁ='§;'x3 . =32x2=-3—2 (x # 0)

-2
() Ez i 2-4‘ =m+na)" P =(m+ ) =m+n (mF—n)
T3yt 729 14y7
(g) 2—1x2y—5 = pEm = e (x,y e 0)

The definitions and rules for exponents given in this section and Section 5.1 are
summarized here.
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.OBJECTIVE 4 Use combinations of rules. We may sometimes need to use more than

one rule to simplify an expression.

& EXAMPLE 5 Using Combinations of Rules

Use the rules for exponents to simplify each expression. Assume all variables repre-
sent nonzero real numbers.

42 3 46
{a) (45) = ? Power rule (a)
= 4873 Quotient rule
=4l =
(b) (2x)*(2x)* = (2x)° Product rule

= 25 or 32x° Power rule (b)

o))

Negative to positive rule

_ 54 625
= 54,2 g2 Power rules (a)-(c)
"N 3 3N
(d) (4_1)’3) = 43y—9 Power rules {a)—(c)
x6y9 x6y9

7.3 or 1728 Negative to positive rule

(4m) > 473m 3

" Power rule {b)

= 3 Negative to positive rule

= Quotient rule

NOTE Since the steps can be done in several different orders, there are many
equally correct ways to simplify expressions like those in' Examples 5(d) and 5(e).
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Each expression is either equal 10 0, 1, or — 1. Decide which is correct. See Example 1.
1.9° 2. 5° T3 (-4 4. (—10)°
5. —9° 6. —5° 7.(-2° = 2° 8. (—8)° — &

Match each expression in Column I with the equivalent expression in Column II. Choices in
Column II may be used once, more than once, or not at all.

X
11, -2 8
12. (—2)* 16
1

16

14. . —8
15.

16.

Evaluate each expression. See Examples 1 and 2.
17. 7"+ 9° 18. 8° + 6" 19. 47 - 20, 57

2 (%)4 2. (%")” | 2. (%)‘2 2, (?)

25. (=3 26. (—4)7 27.5 1+ 37! 28. 67" + 27

Use the quotient rule to simplify each expression. Write the expression with positive
exponents. Assume that all variables represent nonzero real numbers. See

Examples 2—4.

5° 11°
29. s 30. EE

6

M. 35, % i 37.

32.

2
39, — 40, . 42,

r
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_ acts -as 1 when lt is appl:ed to the product rule SR

Use a combination of the rules for exponents to simplify each expression. Write answers
with only positive exponents. Assume that all variables represent nonzero real numbers.

See Example 5.

65. (6x)*6x)72

(x* Iyzz)*z

(x_3y3z)_’

(40" 2(2ab 1)
(a’p)™

(2y - 122)2(3)’—22—3)3
)

69.
73,

75,

71.

- 70.

(9"z‘2x)“‘(4z2x4)_2

(Sz—Zx-—S)Z

(Zy)’3
TGy

66. (10y)°(10y)~
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(a 2b3 4)5

(ﬂ. —Zb 3 —4)

() 2
m?

67.

~2Y-3
71. (”2 )
xy

(m®n)*(m*n %)’
12

74.

60. y—ﬂ . yS . y—2

64. (P CI)
r
B~

-

=532
72, (Wﬁ_,, )
w "z

m R

76.

Bp ¢ (Sp~'q™) ™!

(p
(471a~1b— )—2(5a—3b4)—2

78.

2 72)

(30 —Sb—S)Z

@ 79. Consider the following typical student error:

Explain what the student did incorrectly, and then give the correct answer.

@ 80. Consider the following typical student error:
—5* = (—5)* = 625,

Explain what the student did incorrectly, and then give the correct answer.
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Bl SUMMARY EXERCISES ON THE RULES FOR EXPONENTS

Use the rules for exponents to simplify each expression. Use only positive exponents in your
answers. Assume all variable expressions represent positive numbers.

6x2 12
@
4, (—2ab’c)(—2a%b)

CII(CZ)4

ChECY

(3y~'2)'(3y)
* (ySZZ)—3

. (24) —S(Z—?.)fs

(a —’2b3)’—4
* (a—’a‘bl)f’l(ab)—ﬁi

(x7y2y |0
. l:xhzﬁy—aiz]
. —{-—-12)°
atbict V2
. (__W)

() *ey)’
)

3 4 —33\-2
(=
4p 8572 |7

.

m mnp\ 2 mn"*p
"\ mnp m’np*

rS?,ta (]
5 (BN
(5)
5 (914})&:3)3
N 4
¥y
k4t2 -2
(2xy~')

3—32

¥

rist\ e
o ()

11.

_zfo -z
'17.( — )

20. (227" )(3a*'p")

7a2b3 3
23.( ) )

0l2
12°

26,
29. (6x737%)

32, 42° — (—12)°
35. (5p7q) " (5p4’)’

38, (13x7%y)(13x %)’

41, —(=39°

3. (10x? 4)2(10}@1 )3

6. (dx Hy H?

9, 5! +67!

12. —8° + (-8

(3—1x-3y)—1(2x2y—3)2
(Sx“ZyZ)“‘Z

xR %y) !
(®)™

15,

18.
2.5+ 672

24, —(—12%

2y ) ?
27' (3}6 —2y4)—3

30. (2p~%gr ) (2p)

(7 lx*3) 2( 4)—6
33. 7~ l -3

36.8'+67"

(8pg !

O

42. 5" - 8!




